In a multi-channel S-matrix approach, data on ππ → ππ, KK, ηη in the I G J P C = 0 + 2 ++ sector and ππ scattering in the 1 + 3 −− sector are analyzed to study the f 2 -and ρ 3 -mesons, respectively. Spectroscopic implications and possible classification of the f 2 -states in terms of the SU(3) multiplets are also discussed.
I. INTRODUCTION
We present results of the coupled-channel analysis of data on processes ππ → ππ, KK, ηη in the I G J P C = 0 + 2 ++ sector and on the ππ scattering in the 1 + 3 −− sector.
Our knowledge about the existence and parameters of resonances in the 0 + 2 ++ sector is not clear yet. Nine from the thirteen resonances, discussed in the PDG issue [1] and in the literature [2] , f 2 (1430) ) is a candidate for the glueball. In our analysis of ππ → ππ, KK, ηη [3] we supported this conclusion on the f 2 (2000).
The tensor sector is also interesting because here multi-quark states might be observed apparently as separate states, which are difficult to observe in the scalar sector where owing to their large widths these states can manifest themselves only in a distortion of thepicture.
Investigation in the I G J P C = 1 + 3 −− sector is motivated by those results [3, 4] in the 0 + 2 ++ , 0 + 0 ++ and 1 + 1 −− sectors, which (if they are confirmed) will require revisions of the mainstream quark models, e.g. [5] , and by a possibility to support (or not) these results when studying of other mesonic sectors. These are the earlier obtained disagreements with predictions of the indicated model, e.g., with respect to the f 0 (600) and f 0 (1500) in the scalar sector and to the secondnonet in the tensor sector [3, 4] . Especially it is worth to remind that result in the vector sector: In our multi-channel analysis [3, 6] of the P -wave ππ scattering data [7] and in the re-analysis of the process e + e − → ωπ 0 [8] , the old conclusion [9] was confirmed (which, to the point, is consistent with results of some quark models [10] )
that the first ρ-like meson is ρ(1250) unlike ρ(1450) cited in the PDG tables [1] . However, existence of both states does not contradict to the ππ scattering data [3, 6] . It is important that for both states there are apparently possible SU(3) partners. For the ρ(1250) these partners are: the isodoublet K * (1410) and the isoscalar ω(1420), for which the obtained mass is in range 1350-1460 MeV [1] , whereas the Gell-Mann-Okubo (GM-O) formula
gives for the mass of the eighth component of corresponding octet the value about 1460 MeV.
The ρ(1450), which might be the isovector 3 D 1 state in thepicture, could be put into the octet together with the isodoublet K * (1680). Then from the GM-O formula, the value 1750 MeV is obtained for the mass of the eighth component of this octet. This corresponds to one of the observations of the second ω-like meson which is cited in the PDG tables under the ω(1650) and has the mass, obtained in various works, from 1606 to 1840 MeV.
In the mainstream quark model [5] , the first ρ-like meson is usually predicted by about 200 MeV higher than the ρ(1250), and also the first K * -like meson is obtained at 1580 MeV, whereas the corresponding well established resonance has the mass of about 1410 MeV.
Therefore, it is important to check if the conclusion on the ρ(1250) is supported by investigation in other mesonic sectors. Considering the (J, M 2 )-plot for the daughter ρ-trajectory, related to the suggested ρ(1250), one concludes that there should exist the 1
It is worth to check this state analyzing accessible data on the F -wave ππ scattering [7] .
In the present investigation, we applied the multi-channel S-matrix approach [3] . To generate resonance poles and zeros on the Riemann surface, we used the multi-channel Breit-Wigner forms taking into account the Blatt-Weisskopf barrier factors given by spins of resonances [11] .
II. THE S-MATRIX FORMALISM FOR N COUPLED CHANNELS
The N-channel S-matrix is determined on the 2 N -sheeted Riemann surface. The matrix elements S ab (a, b = 1, 2, · · · , N denote channels) have the right-hand cuts along the real axis of the complex-s plane (s is the invariant total energy squared), related to the considered channels and starting in the channel thresholds s i (i = 1, · · · , N), and the left-hand cuts related to the crossed channels. The main model-independent part of resonance contributions is given by poles and zeros on the Riemann surface. Generally, this representation of resonances can be obtained utilizing formulas for the analytic continuations of the matrix elements for the coupled processes to the unphysical sheets of the Riemann surface, as it was performed for the N-channel case in Ref. [12] .
In this work, the Le Couteur-Newton relations [13] are used to generate the resonance poles and zeros on the Riemann surface. These relations express the S-matrix elements of all coupled processes in terms of the Jost matrix determinant
that is a real analytic function with the only branch-points at k i = 0:
The real analyticity implies d(s
for all s. The N-channel unitarity requires
to hold for physical values of s.
The resonance part d res is described using the multi-channel Breit-Wigner forms
where
ri /M r indicates to the partial width of a resonance with mass M r , and R ri (s, M r , s i , r ri ) are the Blatt-Weisskopf barrier factors with s i the channel threshold and r ri a radius of the i-channel decay of the state "r".
The background part d B represents mainly an influence of channels which are not explicitly included. Opening of these channels causes a rise of the corresponding elastic and
From the formulas of analytic continuation of the matrix elements for the coupled processes to the unphysical sheets of the Riemann surface [12] , one can conclude that only on the sheets with the numbers 2 ii is the S-matrix element on the physical (I) sheet. This means that only on these sheets the pole positions of resonances are at the same points of the s-plane, as the resonance zeros on the physical sheet, i.e., they are not shifted due to the coupling of channels. Therefore, the resonance parameters should be calculated from the pole positions only on these sheets.
In the four-channel case, considered below, the Riemann surface is sixteen-sheeted. The sheets II, IV, VIII, and XVI correspond to the following signs of analytic continuations of the
, and Im √ s − s 4 : − + ++, + − ++, + + −+, and + + +−, respectively.
III. ANALYSIS OF THE
In the analysis of data on the isoscalar D-waves of processes ππ → ππ, KK, ηη,
we have considered explicitly also the channel (2π)(2π). Therefore, we have applied the four-channel Breit-Wigner form for the resonance part (2) of the function
. The Blatt-Weisskopf barrier factor for a particle with J = 2 is
with radii 0.943 fm for resonances in all channels, except for f 2 (1270) and f 2 (1960) for which the radii are (as the results of the analysis): for f 2 (1270), 1.498, 0.708 and 0.606 fm in channels ππ, KK and ηη, respectively, and for f 2 (1960), 0.296 fm in channel KK.
The background part (3) has the form
s v ≈ 2.274 GeV 2 is a combined threshold of the channels ηη ′ , ρρ, and ωω.
The data for the ππ scattering are taken from an energy-independent analysis by B. Hyams et al. [7] . The data for ππ → KK, ηη are taken from works [14] .
A satisfactory description (with the total χ 2 /NDF = 161.147/(168 − 65) ≈ 1.56) is obtained both with ten resonances -
, f 2 (2240) and f 2 (2410) -and with eleven states when adding one more resonance f 2 (2020) which is needed in the combined analysis of data on processes pp → ππ, ηη, ηη ′ [2] . The description with eleven states is practically the same as that with ten resonances: the total χ 2 /NDF = 156.617/(168 − 69) ≈ 1.58.
The parameters of the Breit-Wigner generators of the poles are shown in Table I for the ten-states scenario and in Table II for the eleven-states one. The background parameters for the ten-states scenario are: In Table III we show the poles in the complex energy plane √ s (obtained using eqs. (2) and (4)), which must be used for the calculation of the masses and widths of resonances.
Errors of the pole positions shown in Table III are estimated using a Monte Carlo method.
In this method, the parameters M r and f rj are randomly generated using a normal distribution (Gaussian) with the width given by the parameter error in Table II using the denominator of the resonance part of amplitude in the form
The obtained values of the m res and Γ tot are shown in Table IV 
IV. ANALYSIS OF THE ISOVECTOR F -WAVE OF ππ SCATTERING
In analysis of the ππ-scattering data in the I G J P C = 1 + 3 −− sector by B. Hyams et al. [7] , we took into account that the dominant modes of decay of the ρ 3 (1690) are ππ, 4π, ωπ, KK and KKπ, and therefore have used the four-channel Breit-Wigner forms in
..., s 4 are, respectively, the thresholds of the first four channels given above. The resonance poles and zeros in the S-matrix are generated by the Le Couteur-Newton relation
The resonance part (2) of the d-function has the form
The Blatt-Weisskopf factor for a particle with J = 3 is
with radii of 0.927 fm in all channels as the result of the analysis.
The background part (3) turned out to be elastic:
where a 1 = −0.0138 ± 0.0011.
In the analysis we considered the cases with one and two resonances. We obtained a good description in both cases: the total χ 2 /NDF ≈ 1. In Figure 3 we show results of our fitting to the data for the case of two resonances.
The obtained parameters of the Breit-Wigner forms and the generated poles on the relevant sheets are shown in Tables V and VI, respectively. Finally, in Table VII we show the mass and total width of the ρ 3 (1690) and its branching ratios compared with the average values from the PDG tables. • In the I G J P C = 0 + 2 ++ sector, we carried out two analyses -without and with the f 2 (2020). We did not obtain f 2 (1640), f 2 (1910), f 2 (2150) and f 2 (2010), however, we saw f 2 (1430) and f 2 (1710) which are related to the statistically-valued experimental points.
• Usually one assigns the states f 2 (1270) and f 
one would expect this isodoublet mass at about 1633 MeV. In the relation for masses of nonet
, the left-hand side is only by 1.2% larger than the right-hand one.
In Ref. [15] , one has observed the strange isodoublet in the mode K 0 s π + π − with yet indefinite remaining quantum numbers and the mass 1629 ± 7 MeV. This state could be the tensor isodoublet of the second nonet.
• The states f 2 (1963) and f 2 (2207) together with the isodoublet K * 2 (1980) could be put into the third nonet. Then in the relation for masses of nonet
the left-hand side is only by 5.3% larger than the right-hand one.
If one considers f 2 (1963) as the eighth component of octet, the GM-O formula gives
MeV. This value coincides with that for the a 2 meson obtained in analysis [16] . This state is interpreted [2] as the second radial excitation of the 1 − 2 ++ state based on consideration of the a 2 trajectory on the (n, M 2 ) plane where n is the radial quantum number of thestate.
• • Finally we have f 2 (1430) and f 2 (1710) which are neitherstates nor glueballs. Since one predicts that masses of the lightest qqg hybrids are bigger than those of lightest glueballs, these states might be the 4-quark ones. Then for the isodoublet mass of the corresponding nonet, we would expect the value 1570-1600 MeV. For now we do not know any experimental indications for the tensor isodoublet of that mass. However, in the known experimental spectrum of the K * 2 family, there is a 500-MeV unoccupied gap from 1470 to 1970 MeV [1] , except for the above work [15] . Moreover, as one can see in the PDG tables on the a 2 (1700) listing, widths of the observed isovector tensor states in the 1660-1775-MeV interval differ by the factor 2-3, i.e., the states possess various properties. For example, the broad state with mass 1702 ± 7 MeV and width 417 ± 19 MeV, observed inpp → ηηπ 0 [17] , might be the isovector member of the corresponding four-quark nonet.
Of course, an assumption of this possibility presupposes an existence of the scalar tetraquarks at lower energies [18] which are not seen in our analysis [3] . One can argue that these states are a part of the background due to their very large widths.
• The analysis of the F -wave ππ scattering data by B. Hyams et al. [7] indicates that, except for the known ρ 3 (1690) (in our analysis m res ≈ 1703 MeV, Γ tot ≈ 175 MeV), there might be one more state lying above 1830 MeV. Since the ππ scattering data above 1890 MeV are absent, it is impossible to say something conclusive on parameters of this state. However, the ρ 3 (1950) does not contradict to the data but instead improves a little bit the obtained parameters of the ρ 3 (1690) and its branching ratios when
